Introduction
The classical cobar construction C for a coalgebra C ( rst introduced by Adams 1] ) is an important algebraic concept motivated by the singular chain complex of a loop space X. If X is a 1-reduced simplicial set with realisation jXj Adams proved that there is a natural isomorphism of homology groups H ( C(X); A) = H ( jXj; A) ( ) where C(X) is the coalgebra given by the chain complex on X and the AlexanderWhitney diagonal. Here the homology has coe cients in an abelian group A.
The purpose of this paper is the extension of this result to the case of twisted coe cients given by 1 jXj-modules A, with 1 jXj = H 2 X.
We introduce the new algebraic concepts of a twisted coalgebra C and a twisted cobar construction C which extend the classical notions. We are The proof of the main theorem relies on the geometric cobar construction introduced in 2] and the computation of its crossed chain complex. The theory of crossed chain complexes goes back to Whitehead 24] and has been developed in, for example, 5, 11, 13] . Here we also need the associated theory of crossed chain algebras 8, 23] ; rst examples of such algebras were studied in 5, 6, 7, 10, 22] . For the convenience of the reader and to make the main results completely accessible we give in the rst part all relevant de nitions and facts. The second part of the paper, containing the proofs, however, relies on the theory of crossed complexes which we are not able to repeat here in as great detail. 1 The twisted cobar construction Algebras, coalgebras and twisted coalgebras
We begin by recalling some elementary de nitions, and introduce the notion of a twisted di erential coalgebra. Alg for the category of chain algebras. An R-chain algebra A is augmented if a chain algebra morphism " : A ! R is given with " = 1; morphisms of augmented chain algebras must respect the augmentations. Coalg be the category of twisted coalgebras, with morphisms (f; g) : (C; R) ! (C 0 ; R 0 ) given by morphisms of augmented coalgebras which commute with @ and with .
Remark 1.2 The map on C 2 is to be thought of as giving the twisted structure; if = 0 de nition 1.1 reduces to the usual de nition of an augmented di erential coalgebra.
De nition 1.3 Suppose R is augmented by a ring homomorphism " : R ! Z.
Then we say that C is an "-twisted coalgebra if " = 0. In this case we get a We say that a chain algebra A is free if forgetting the di erentials there is an isomorphism A = T(M) of algebras for some M. In this case we write { n , n 0, for the inclusion of M n in A. The 
Here we have (7) The twisted chain coalgebra
Let be the simplicial category, with objects the ordered sets n = f0; 1; : : :; ng and morphisms the monotonic increasing functions. A simplicial set X is a contravariant functor from to the category of sets; equivalently it is a family of sets (X n ) n 0 with degeneracy and face maps
for 0 i n, satisfying the usual relations. Simplices in the image of some s i are termed degenerate. For an n-simplex 2 X n and a monotonic function a : m ! n we also write (a 0 : : :a m ) for a 2 X m and (0 : : : b i : : :n) for d i . If X is a simplicial set, then the Z-chain complex C(X) is de ned as follows. Let F be the chain complex with F n the free abelian group on X n and di erential d = P n 0 (?1) i d i . Let D be the subchain complex generated by the degenerate simplices. Then C(X) is the quotient F=D. The homology H(X) of X is given by the homology of the chain complex C(X). Let G be a group with unit 1 G , and IG its augmentation module given by the kernel of the ring homomorphism ZG ! Z, P n i g i 7 ! P n i . Then IG is a right ZG-module which is generated as an abelian group by g?1 G , 1 G 6 = g 2 G.
Suppose H is an abelian group and : G ! H is a group homomorphism.
Then the derived module D of is the ZH-module The function _ n;m should not be confused with the identity, although it is clearly a bijection. Let (C; ) be a monoidal category. Using the above presentation of , we see that to de ne a monoidal functor C : ! C it is necessary and su cient to give the following data in C:
1. objects C n for n 0, with C 0 = , 2. morphisms s i : C n+1 ! C n for 0 i n, 3 . morphisms d i : C n ! C n+1 for 1 i n, 4 . morphisms _ n;m : C n C m ! C n+m for n; m 0, with _ 0;n = _ n;0 = We may also write _ n;m ( ) as ( (0; : : :; n); (n; : : :; n + m)) for 2 X n+m .
A map X ! X 0 of 0-reduced simplicial sets induces a natural transformation X ! X 0 of monoidal functors in the obvious way. Suppose now that C, D are monoidal categories and F is a monoidal functor. Also we assume that preserves colimits in C; this is the case for example if C is monoidal closed. Then the coend of F has the structure of a monoid object in C, with identity F( ; ) = and multiplication induced by the maps
If C is an interval category, and X is a 0-reduced simplicial set, then we Since we have a nice presentation for we can give a more explicit description of the cobar construction than the coend de nition above. Here natural homotopy equivalence of functors F; G : sSet 1 ! Mon 0 is the equivalence relation generated by the relation that F ' G if there is a natural transformation F ! G in Mon 0 which for each object is a homotopy equivalence in the category of pointed topological spaces.
The crossed cobar construction Let C be the category Crs of crossed complexes (see for example the work of 12, 13, 14, 15] ). This is a monoidal closed category which shares many of the nice properties of the category of chain complexes, but with some non-abelian features in low dimensions. Recall that the tensor product of crossed complexes is de ned via an equivalence with the category of !-groupoids in Alternatively this may be obtained by applying the fundamental crossed complex functor : FTop ! Crs to the interval object structure in FTop de ned above.
If n is the n-dimensional generator of I n then from the tensor product relations we can obtain s( ) = 0 t( ) = 1 ( n ) = 1 n for n 1 : I (n?r) ! I n Then the 3 n generators of I n may be written as d (n?r) for 0 r n, and the relations on these generators are obtained by applying d to the terms in the relations above.
By proposition 2.6, we can now give a presentation for the crossed cobar construction Crs (X) on a 1-reduced simplicial set X. For an x 2 X n only the top-dimensional generator of I (n?1) needs to be considered since the lowerdimensional ones can be obtained by applying d i and so are identi ed with generators coming from (products of) faces of x. Since m maps top-dimensional generators to an identity we can also throw out degenerate simplices. The resulting monoid C in Crs has C 0 = f g since we are treating the 1-reduced case only, and C is a free crossed chain algebra in the following sense. The underlying crossed complex of C is free (see e.g. 5]) and its basis is a free graded monoid Mon(G) such that the multiplication of C is induced by the (free) multiplication of Mon(G). We call the elements of G the generators of C.
Examples of such free crossed chain algebras are also considered in 5, 7, 23] and they play a role analogous to the role of free di erential algebras. In particular the di erential on a free crossed chain algebra is determined by its values on the generators.
Theorem 2.8 Let X be a simplicial set with X 0 = X 1 = f g. For x n 2 X n , n 4, set z i (x n ) = d i?1 0 d n?i?1 i+2 x n = x n (i ? 1; i; i + 1) 2 X 2 for 1 i n ? 1. Then C = Crs (X) is the free crossed chain algebra with generators x n 2 C n?1 for x n 2 X n , n 2, with the di erential de ned by the following formul .
x n = if x n is degenerate 2 Proof of the main theorem
We now complete the proof of theorem 1.12, that for X a simplicial set with X 0 = X 1 = f g there is a natural homology equivalence between the cobar construction b C(X) of the twisted chain coalgebra on X, and the singular chain algebra C \ jXj of the universal cover of the loops on X. We have just seen in 2.10 that b C is given by applying D to the crossed cobar construction Crs . Also by 2.7 we know that the loop space on X is given up to homotopy by the geometric cobar construction, and so there is a natural homology equivalence of chain algebras C \ jXj C b FTop X. The main theorem thus follows from the following: 
